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We propose a connection between the butterfly velocity and the complexity growth rate in the
context of thermodynamics of black holes where the cosmological constant is interpreted as ther-
modynamic pressure. Moreover, we study the bound on the diffusion coefficient by comparing with
the bound on shear viscosity to entropy density ratio in order to obtain a relationship between
the diffusion coefficient times pressure with the shear viscosity. Our result shows that there is the
upper bound on complexity growth rate with respect to the shear viscosity and thermodynamical
variables.
I. INTRODUCTION
One of the recent holographic conjectures about the
geometry of the inside of black hole is that its growth is
dual to the growth of quantum complexity [8, 14]. The
definition of quantum complexity of a quantum state is
the minimum number of simple gates for building a quan-
tum circuit that constructs them from a reference state.
From AdS/CFT duality point of view, one of the fa-
mous conjecture is ”complexity = volume” (CV), which
is an example of the recent proposed connection between
tensor network and geometry [11–13]. According to this
conjecture, the volume of a maximal spacelike slice into
the black hole interior, is proportional to the computa-
tional complexity of the dual CFT state [9],
C(tL, tR) ∼
V
GN l
, (1)
where V is the volume of the Einstein-Rosen bridge that
joints two boundaries at the times tL and tR together,
l is the AdS radius, and GN is Newton’s gravitational
constant. The other conjecture is ”complexity = ac-
tion” (CA) which implies that the quantum computa-
tional complexity of a holographic state is given by the
on-shell action on the ”Wheeler De-Witt” patch [14, 15],
C(Σ) =
SWDW
π~
, (2)
where Σ is the time slice which is the intersection of
the asymptotic boundary and any Cauchy surface in the
bulk. It has been shown in [15] that the growth rate of
quantum complexity will be bounded by
dC
dt
≤
2M
π~
, (3)
where M is the mass of black hole. For uncharged
black hole the bound is saturated. Recently some work
∗ shossein@ipm.ir; shosseini@shahroodut.ac.ir
† m.qaemmaqami@ipm.ir
have been done on quantum complexity and its different
aspects in context of black holes and holography [17–46].
On the other hand, it was shown that chaos in thermal
CFT may be described by the propagation of the shock
wave near horizon of an AdS black hole [47–50], In the
context of holography, the propagation of the shock wave
near the horizon provides a description of the butterfly
effect in the dual field theory. Out-of-time order four
point function between pairs of local operators diagnoses
the butterfly effect in field theory side.
〈Vx(0)Wy(t)Vx(0)Wy(t)〉β , (4)
where β is the inverse of the temperature. The butterfly
effect may be seen by a sudden decay after the scrambling
time t∗ which is defined as t∗ =
β
2π logS, where S is the
entropy of black hole,
〈Vx(0)Wy(t)Vx(0)Wy(t)〉β
〈Vx(0)Vx(0)〉β〈Wy(t)Wy(t)〉β
∼ 1− e
λL
(
t−t∗−
|x−y|
vB
)
,(5)
where vB is the butterfly velocity and λL is the Lyapunov
exponent. The Lyapunov exponent is, λL = 2π/β, where
β is the inverse of the Hawking temperature. Further-
more, the butterfly velocity should be identified by the
velocity of shock wave when the perturbation spreads
in the space which is obtained by plugging the shock
wave ansatz in Kruskal coordinate in the equations
of motion, where the energy momentum tensor is a
shock source. Recently some work have been done on
butterfly effect and it’s different aspects [51–72]. For
example, in Ref. [58], authors found a universal formula
for the butterfly velocities of planar black holes in the
framework of Einstein’s general relativity with respect to
thermodynamical parameters such as the temperature,
entropy and the thermodynamic volume conjugate to
the pressure associated with the cosmological constant.
Moreover, the upper bound of the complexity growth
rate is limited by the product of entropy and tempera-
ture. Therefore, using the Smarr formula relating the
black hole mass to other thermodynamic quantities,
2one will be able to exploit a specific relation between
the action growth and butterfly velocity through the
thermodynamical parameters.
The structure of the paper is as follows. In next sec-
tion we study the connection between complexity growth
rate and butterfly velocity by thermodynamical parame-
ters and check it for BTZ black hole [4]. This connection
seems to be interesting because that both the butter-
fly velocity and the complexity growth rate decrease by
adding higher derivative terms to Einstein Gravity ac-
tion [28, 38, 52]. There is also a correspondence between
butterfly velocities and the central charges of the dual
conformal field theories [53], on the other hand, the com-
plexity is proportional to the number of degrees of free-
dom or central charges [15, 17–19]. In Section III we con-
sider the proposed bound on diffusion coefficient [54, 55]
by using the results of section II. Then we compare this
bound with the bound on shear viscosity to entropy den-
sity ratio [79] for making a connection between the dif-
fusion coefficient times pressure DP and shear viscosity
η by considering Bousso entropy bound. Finally we find
new bounds on butterfly velocity and complexity growth
rate through the shear viscosity and thermodynamical
parameters. Section IV is devoted to the summary.
II. CONNECTION BETWEEN COMPLEXITY
GROWTH RATE AND BUTTERFLY VELOCITY
The butterfly velocity is identified by the velocity of
shock wave near the horizon of black hole. Therefore,
the butterfly velocity may be calculated by studying the
physical properties at the near horizon geometry of one
black hole. It seems naturally there is connection be-
tween the butterfly velocity and thermodynamical pa-
rameters of black hole as the temperature which is pro-
portional to the surface gravity; T = κ/2π, and the en-
tropy which is proportional to the area of the horizon
of black hole; S = A/4G [1–3]. Recently X. Feng and
H. Lu have found a relation between butterfly velocity
vB and thermodynamical parameters (S, T, P, Vth) by a
universal formula [58]:
v2B =
TS
2VthP
, (6)
where S is the entropy, T is the temperature, Vth is the
thermodynamic volume and P is the pressure. There
is also a rough relation between complexity growth rate
and the product of entropy and the temperature [9, 15]
as follows,
dC
dt
∼ TS. (7)
In [9] the authors have shown that the complexity of
a high-temperature thermofield double(TFD) state in-
creases as
C(tL, tR) ∝ TS|tL + tR|, (8)
which is precisely the expected behavior of a quantum
circuit model of complexity, i.e., the rate of computation
measured in gates per unit time is proportional to the
entropy times temperature; TS [8, 10]. The entropy
appears because it represents the width of the circuit
and the temperature appears for the local interaction
rate of the qubit [9].
One can see in three dimensions this relation Eq. (7)
is exact at least for non-rotating BTZ black hole [4]. One
can also test it for BTZ black hole in 3D Einstein Gravity,
New Massive Gravity (NMG) [75] and Minimal Massive
3D Gravity [76] which is a proposed model to resolve the
bulk-boundary clash problem of Topologically Massive
Gravity [73]. For rotating BTZ black hole in 3D Einstein
Gravity, the complexity growth rate is [14, 15]:
dC
dt
=
r2+ − r
2
−
4Gl2
. (9)
where r− and r+ are the inner and outer horizon, respec-
tively. One can also rewrite the above relation in terms
of the inner and outer quantities as follows [20],
dC
dt
=
1
2
(
T+S+ + T−S−
)
, (10)
where the temperatures and entropies defined on both
horizons are T± =
r2+−r
2
−
2πl2r±
and S± =
πr±
2G . For non-
rotating BTZ black hole (r− = 0) we have:
dC
dt
= TS, (11)
where T = r+/2πl
2 and S = πr+/2G. Now we can check
the accuracy of the above relation for New Massive Grav-
ity and Minimal Massive 3D Gravity. For New Massive
Gravity the action growth is given by [28]:
dC
dt
=
r2+ − r
2
−
4Gl2
(
1−
1
2m2l2
)
, (12)
for non-rotating case when the inner horizon goes to zero,
we have
dC
dt
= TS, (13)
where [77],
S =
πr±
2G
(
1−
1
2m2l2
)
, ; T =
r+
2πl2
. (14)
Moreover, in the case of the BTZ black hole in Minimal
Massive 3D Gravity, the complexity growth rate is [40]:
dC
dt
=
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]
r2+ − r
2
−
4Gl2
, (15)
where σ, α and Λ0 are the parameters of the model [76].
At the non-rotating limit, one can see dC/dt = TS, in
which [78],
S =
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]
πr+
2G
, ; T =
r+
2πl2
.
(16)
3If we replace the complexity growth rate instead of en-
tropy times temperature TS, in the the proposed equa-
tion for butterfly velocity Eq. (6), one can re-express the
complexity growth rate in the terms of butterfly velocity
and thermodynamical quantities as following relation.
dC
dt
= 2v2BVthP. (17)
It’s so interesting because adding the higher derivative
terms to Einstein gravity action implies the reduction ef-
fect on both the butterfly velocity and complexity growth
rate [28, 38, 52]. For instance in critical gravity, the but-
terfly velocities are given by [28]:
v
(1)
B =
√
D − 1
2(D − 2)
,
v
(2)
B =
√
D − 1
2(D − 2)
(
1 +
2l2
(D − 1)(D − 2)M2
)− 1
2
,(18)
where M2 = 2m
2l2−(D−2)2
2l2 , is the mass of massive spin-2
mode. It is obvious that v
(1)
B > v
(2)
B , where v
(1)
B is the
butterfly velocity of Einstein Gravity in D-dimension
[47]. Furthermore, in [52] we observed that the butterfly
velocity at the critical point in third order Lovelock
Gravity in D = 7 is less than the butterfly velocity at
the critical point in Einstein-Gauss-Bonnet Gravity in
D = 7 which is less than the butterfly velocity in D =
7 in Einstein Gravity, vE.HB > v
E.G.B
B > v
3rd Lovelock
B
[52]. As a result, one can conclude that by adding
higher order curvature corrections to Einstein Gravity
the butterfly velocity decreases. Therefore we can argue
that it’s an evidence of connection between butterfly
velocity and complexity growth rate.
Interestingly, if we assume that the background
space-time with a negative cosmological constant,
Λ < 0 (or P = −Λ/8πG > 0) the complexity growth
increases by time as similar way as the entropy (
dC/dt = 2v2BVthP ≥ 0) which manifests the second law
of complexity [21, 26]. By holographic conjectures we
can understand the second law complexity by increasing
the volume of the wormhole in time from ”complexity =
volume”(CV) conjecture or by increasing the action on
the Wheeler De-Witt patch in time from ”complexity =
action”(CA) conjecture.
Now we want to examine the relation (7) for non-
rotating and rotating BTZ black holes. In non-rotating
case the thermodynamic volume is obtained by the first
law of thermodynamics, dM = TdS + VthdP , then the
mass, the thermodynamic volume, the pressure and also
the butterfly velocity in 3D Einstein Gravity are defined
as [4, 47, 53] :
M =
r2+
8Gl2
; P =
1
8πGl2
,
Vth =
∂M
∂P
= πr2+ ; vB = 1, (19)
Substituting the above relations of thermodynamic pa-
rameters and butterfly velocity in the Eq. (17) for com-
plexity growth rate, we have,
dC
dt
= 2v2BVthP =
r2+
4Gl2
, (20)
which is in agreement with the previous result for non-
rotating BTZ black hole [15]. For the rotating BTZ black
hole case, one can obtain the following relation [18]:
dC
dt
= 2v2BVthP = 2P
(
V + − V −
)
=
r2+ − r
2
−
4Gl2
, (21)
which satisfies the obtained result for rotating BTZ black
hole [15]. In addition there is a correspondence between
butterfly velocities and the central charges of the dual
conformal field theory [53]. The central charges of the
dual 2D CFT of Topologically Massive Gravity(TMG)
reads [74]:
cL =
3l
2G
(
1−
1
µl
)
; cR =
3l
2G
(
1 +
1
µl
)
. (22)
It is transparent that at two critical points of the Topo-
logically Massive Gravity (TMG), µl = 1 and µl = −1
there are two different chiral modes, right-moving and
left-moving respectively,
µl = 1, ; cL = 0, ; cR =
3l
G
,
µl = −1, ; cL =
3l
G
, ; cR = 0. (23)
Moreover, at the critical points of TMG, the butterfly
velocities yield as follows [53]:
µl = 1, ; v
(3)
B = 0, ; v
(2)
B = 1,
µl = −1, ; v
(3)
B = −1, ; v
(2)
B = 0, (24)
It means that the theory is chiral at the critical points,
µl = 1 and µl = −1. These relations are similar to
the relations for the central charges of the dual 2D
conformal field theory Eq. (23) at the critical points
where the theory is chiral. Clearly we observe a one to
one correspondence between the butterfly velocities and
the central charges of dual 2D CFT at the critical points
of TMG.
In addition recently a conjecture has been proposed
for the lower bound on diffusion constant by butterfly
velocity [54, 55];
D ≥
~v2B
kBT
, (25)
where D is the diffusion coefficient, kB is the Boltzmann
constant and T is the temperature. Moreover, in [81] au-
thors studied a universality, which determines the shear
viscosity η and electrical conductivity σ in terms of the
corresponding central charges then naturally leads to a
conjectured bound on conductivity in physical systems.
4And also we know there is relation between diffusion con-
stant, conductivity and charge susceptibility as
D =
σ
χ
, (26)
where χ is charge susceptibility. These bounds on
conductivity and diffusion coefficient maybe are another
evidence of correspondence between the butterfly veloci-
ties and the central charges of the dual CFTs [53].
On the other hand, the complexity is also proportional
to the number of degrees of freedom or central charges
[15, 17–19]. Particularly for a 2D CFT when we consider
a subsystem, A with the length L, the complexity of the
subsystem is [17]:
CA =
cL
12πε
−
c
24
, (27)
where ε is the cutoff length of the field theory. There-
fore, we can get the other evidence for connection be-
tween butterfly velocity and complexity growth rate. It
is worth noting that Brown-Henneax formula for the cen-
tral charge implies [5, 18]:
c =
3l
2G
∝ P−
1
2 , (28)
Furthermore, from Eq. (6), we have
v2B =
TS
2VthP
, ; vB ∝ P
− 1
2 , (29)
It is obvious that there is a special correspondence
between central charges and butterfly velocities which
means that there is a relation between complexity
growth rate and butterfly velocity.
As mentioned the non-rotating BTZ black hole satu-
rates the complexity growth bound [15], dC/dt = 2M ,
therefore one can see from Eq. (17) that:
v2B =
dC/dt
2VthP
=
M
VthP
=
ρ
P
, (30)
which in ρ is the thermodynamic mass density. By as-
suming the Lloyd’s bound on complexity growth rate,
dC
dt
≤ 2M , we can conclude there is an upper bound on
butterfly velocity by thermodynamic parameters:
v2B ≤
ρ
P
. (31)
III. BOUND ON DIFFUSION COEFFICIENT
AND SHEAR VISCOSITY
Recently in [54, 55], it has been found that the diffusion
constant in simple holographic model when the effects of
momentum relaxation are very strong takes the universal
amount D ∼
~v2B
kBT
where D is the diffusion coefficient, kB
is the Boltzmann constant and T is the temperature. In-
deed, the butterfly velocity vB has been considered as the
characteristic velocity in the diffusion coefficient bound
formula proposed by Hartnoll [80]. Therefore the diffu-
sion coefficient should be bounded by D ∼ v2Bτ , where τ
is the dissipation time which is τ ∼ 1/T through Heisen-
berg’s uncertainty principle, i.e.,
D ≥
v2B
T
, (32)
hereafter, we set kB = ~ = 1. Now, by plugging Eq.
(17) in the above relation, we find the lower bound on
diffusion coefficient by the complexity growth rate and
thermodynamic parameters.
D ≥
dC/dt
2VthPT
, (33)
It means that the diffusion coefficient determines an up-
per bound on the complexity growth rate up to thermo-
dynamical parameters, pressure, temperature and ther-
modynamic volume.
dC
dt
≤ 2DVthPT. (34)
Roughly speaking, the complexity growth is connected
to a kind of the diffusion via the thermodynamical
parameters of the black hole.
Now let us compare the bound on diffusion coefficient
and bound on shear viscosity to entropy density ratio
[79]. By replacing Eq. (6) for butterfly velocity in the
diffusion coefficient bound Eq. (32), we have,
D ≥
S
2VthP
=
s
2P
, (35)
where s is the entropy density. This relation actually
shows that there is a lower bound on the product of the
diffusion coefficient and the pressure per entropy density;
DP/s ≥ 1/2. There is also a lower bound on shear vis-
cosity to entropy density ratio [79],
η
s
≥
1
4π
, (36)
this argument comes from Heisenberg’s uncertainty prin-
ciple. The viscosity of a plasma is proportional to ǫτmft,
where ǫ is the energy density and τmft is the mean
free time. Moreover, the entropy density is propor-
tional to the density of quasiparticles, s ∼ n, therefore
η/s ∼ ǫτ/n. Clearly ǫ/n is the average energy per par-
ticle. Therefore according to the uncertainty principle
η/s ∼ ǫτ/n ≥ 1 [79], one can see easily from two above
relations that
DP ≥
s
2
, ; 2πη ≥
s
2
. (37)
The above upper bounds on the entropy density reminds
the Bousso entropy bound S ≤ A/4G [6, 7], where A is
the area of horizon and G is the Newton’s constant. As a
result, the bound on entropy density will be characterized
by s ≤ A/4GVth which related to the geometry of the
5black hole horizon. Consequently, there is a connection
between the diffusion coefficient times pressure, DP and
shear viscosity η as the upper bound on entropy density,
which raises from the Bousso entropy bound
DP ∼ 2πη ∼
A
8GVth
. (38)
This is clear that the above relation is very similar to Eq.
(34) of [54], i.e., Dp =
η
ǫ+P when we assume pressure P
and energy density ǫ are in the same order of magnitude,
ǫ ∼ P . In addition, by comparing the bound on butter-
fly velocity Eq. (31) with the lower bound on diffusion
coefficient Eq. (32), we have
v2B ≤
ρ
P
, ; v2B ≤ DT. (39)
It indicates that ρ
P
∼ DT is the upper bound on butterfly
velocity squared or equivalently DP ∼ ρ
T
. From Eq.
(38), one can also obtain the following approximation.
DP ∼ 2πη ∼
ρ
T
, (40)
which is in agreement with [79], in that paper, authors
mentioned that the viscosity of a plasma is proportional
to ǫτmft. On the other hand from Heisenberg’s uncer-
tainty principle, τmft ∼
1
T
, one can indicate the above
relation, η ∼ ρ/T ∼ ρτmft is in agreement with [79].
Finally we can find the new bounds on butterfly ve-
locity and also complexity growth rate by shear viscosity
and thermodynamical parameters. By replacing the Eq.
(40) in Eq. (32) and Eq. (33), it yields,
v2B ≤
2πηT
P
;
dC
dt
≤ 4πηVthT. (41)
It is surprising that at zero temperature limit, the above
inequality shows that the complexity growth rate goes to
zero, dC
dt
= 0 which satisfies the same result from [15, 39],
because the complexity growth rate is not negative ac-
cording to the second law of thermodynamics, therefore
complexity growth will be zero at the zero temperature.
The above bounds Eq. (41) maybe open the new win-
dow to make a connection between hydrodynamics and
quantum complexity and quantum information.
IV. SUMMARY
In this paper, we studied the connection between
butterfly velocity and complexity growth rate by
thermodynamical parameters according to the recent
proposed universal formula for butterfly velocity with
respect to thermodynamic variables [58]. It seems
interesting because both of the butterfly velocity and
the complexity growth rate decrease by adding higher
derivative terms to Einstein Gravity action [28, 38, 52].
Moreover, there is a correspondence between butterfly
velocities and the central charges of the dual conformal
field theories [53] and on the other hand, the complexity
is proportional to number of degrees of freedom or
central charges [15, 17–19]. Furthermore, we showed
that dC/dt = 2v2BVthP ≥ 0 as we assume the background
space-time with a negative cosmological constant, Λ < 0
or positive pressure P = −Λ/8πG > 0. This inequality
shows that the complexity growth rate increases in time
in similar to entropy increasing. It is the concept of the
second law of complexity [21, 26].
Using the relation between butterfly velocity and
complexity growth rate and assuming saturation of
the proposed bound on complexity growth rate for
non-rotating BTZ black hole, we also found that the
butterfly velocity squared is equal to thermodynamic
mass density of black hole per pressure, v2B = ρ/P . And
by assuming the Lloyd’s bound on complexity growth
rate, dC/dt ≤ 2M , we find that there is an upper bound
on butterfly velocity by thermodynamical parameters,
v2B ≤ ρ/P .
We also considered the proposed bound on diffusion
coefficient by the butterfly velocity [54, 55] and the rela-
tion between the butterfly velocity and the complexity
growth rate in order to determine an upper bound on
complexity growth rate up to thermodynamical parame-
ters such as pressure, temperature and thermodynamic
volume. Moreover, it may show that complexity growth
is connected to a kind of diffusion where they are related
by thermodynamical parameters. Furthermore, com-
paring the lower bound on diffusion coefficient with the
lower bound on shear viscosity to entropy density ratio
caused to construct an advantage connection between
the product of the diffusion coefficient and the pressure,
DP with the shear viscosity, η by considering Bousso
entropy bound. Finally we figured out the bounds on
complexity growth rate and butterfly velocity through
the shear viscosity and thermodynamical parameters.
It is also interesting to study the relationship between
the complexity growth and butterfly velocity with entan-
glement spreading and entanglement velocity. Moreover,
the study of the connection between complexity, chaos
and tensor networks in the context of holography and
black hole physics might be fascinating.
ACKNOWLEDGMENT
We would like to thank Navid Abbasi and Ali Naseh
for useful discussions and also Farid Charmchi, Dariush
Kaviani and Siavash Neshatpour for comments on the
manuscript.
6[1] J. M. Bardeen, B. Carter and S. W. Hawking, “The Four
laws of black hole mechanics,” Commun. Math. Phys. 31,
161 (1973). doi:10.1007/BF01645742
[2] S. W. Hawking, “Black Holes and Thermo-
dynamics,” Phys. Rev. D 13, 191 (1976).
doi:10.1103/PhysRevD.13.191
[3] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev.
D 7, 2333 (1973). doi:10.1103/PhysRevD.7.2333
[4] M. Banados, C. Teitelboim and J. Zanelli, “The Black
hole in three-dimensional space-time,” Phys. Rev. Lett.
69, 1849 (1992) doi:10.1103/PhysRevLett.69.1849 [hep-
th/9204099].
[5] J. D. Brown and M. Henneaux, “Central Charges in the
Canonical Realization of Asymptotic Symmetries: An
Example from Three-Dimensional Gravity,” Commun.
Math. Phys. 104, 207 (1986). doi:10.1007/BF01211590
[6] R. Bousso, “A Covariant entropy conjecture,” JHEP
9907, 004 (1999) doi:10.1088/1126-6708/1999/07/004
[hep-th/9905177].
[7] R. Bousso, “The Holographic principle,” Rev. Mod.
Phys. 74, 825 (2002) doi:10.1103/RevModPhys.74.825
[hep-th/0203101].
[8] L. Susskind, “Computational Complexity and
Black Hole Horizons,” [Fortsch. Phys. 64, 24
(2016)] Addendum: Fortsch. Phys. 64, 44 (2016)
doi:10.1002/prop.201500093, 10.1002/prop.201500092
[arXiv:1403.5695 [hep-th], arXiv:1402.5674 [hep-th]].
[9] D. Stanford and L. Susskind, “Complexity and
Shock Wave Geometries,” Phys. Rev. D 90, no.
12, 126007 (2014) doi:10.1103/PhysRevD.90.126007
[arXiv:1406.2678 [hep-th]].
[10] P. Hayden and J. Preskill, “Black holes as mirrors:
Quantum information in random subsystems,” JHEP
0709, 120 (2007) doi:10.1088/1126-6708/2007/09/120
[arXiv:0708.4025 [hep-th]].
[11] B. Swingle, “Entanglement Renormalization and
Holography,” Phys. Rev. D 86, 065007 (2012)
doi:10.1103/PhysRevD.86.065007 [arXiv:0905.1317
[cond-mat.str-el]].
[12] G. Vidal, “Entanglement Renormalization,”
Phys. Rev. Lett. 99, no. 22, 220405 (2007)
doi:10.1103/PhysRevLett.99.220405 [cond-
mat/0512165].
[13] T. Hartman and J. Maldacena, “Time Evolution of
Entanglement Entropy from Black Hole Interiors,”
JHEP 1305, 014 (2013) doi:10.1007/JHEP05(2013)014
[arXiv:1303.1080 [hep-th]].
[14] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle
and Y. Zhao, “Holographic Complexity Equals Bulk Ac-
tion?,” Phys. Rev. Lett. 116, no. 19, 191301 (2016)
doi:10.1103/PhysRevLett.116.191301 [arXiv:1509.07876
[hep-th]].
[15] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle
and Y. Zhao, “Complexity, action, and black
holes,” Phys. Rev. D 93, no. 8, 086006 (2016)
doi:10.1103/PhysRevD.93.086006 [arXiv:1512.04993
[hep-th]].
[16] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP
0810, 065 (2008) doi:10.1088/1126-6708/2008/10/065
[arXiv:0808.2096 [hep-th]].
[17] M. Alishahiha, “Holographic Complexity,”
Phys. Rev. D 92, no. 12, 126009 (2015)
doi:10.1103/PhysRevD.92.126009 [arXiv:1509.06614
[hep-th]].
[18] J. Couch, W. Fischler and P. H. Nguyen, “Noether
charge, black hole volume, and complexity,” JHEP
1703, 119 (2017) doi:10.1007/JHEP03(2017)119
[arXiv:1610.02038 [hep-th]].
[19] S. Chapman, H. Marrochio and R. C. Myers, “Com-
plexity of Formation in Holography,” JHEP 1701, 062
(2017) doi:10.1007/JHEP01(2017)062 [arXiv:1610.08063
[hep-th]].
[20] R. G. Cai, S. M. Ruan, S. J. Wang, R. Q. Yang
and R. H. Peng, “Action growth for AdS black holes,”
JHEP 1609, 161 (2016) doi:10.1007/JHEP09(2016)161
[arXiv:1606.08307 [gr-qc]].
[21] A. R. Brown, L. Susskind and Y. Zhao, “Quantum
Complexity and Negative Curvature,” Phys. Rev. D 95,
no. 4, 045010 (2017) doi:10.1103/PhysRevD.95.045010
[arXiv:1608.02612 [hep-th]].
[22] D. Momeni, S. A. H. Mansoori and R. Myrza-
kulov, “Holographic Complexity in Gauge/String
Superconductors,” Phys. Lett. B 756, 354 (2016)
doi:10.1016/j.physletb.2016.03.031 [arXiv:1601.03011
[hep-th]].
[23] W. J. Pan and Y. C. Huang, “Holographic complexity
and action growth in massive gravities,” Phys. Rev. D 95,
no. 12, 126013 (2017) doi:10.1103/PhysRevD.95.126013
[arXiv:1612.03627 [hep-th]].
[24] R. Q. Yang, “Strong energy condition and complex-
ity growth bound in holography,” Phys. Rev. D 95,
no. 8, 086017 (2017) doi:10.1103/PhysRevD.95.086017
[arXiv:1610.05090 [gr-qc]].
[25] D. Carmi, R. C. Myers and P. Rath, “Comments
on Holographic Complexity,” JHEP 1703, 118 (2017)
doi:10.1007/JHEP03(2017)118 [arXiv:1612.00433 [hep-
th]].
[26] A. R. Brown and L. Susskind, “The Second Law of Quan-
tum Complexity,” arXiv:1701.01107 [hep-th].
[27] R. Q. Yang, C. Niu and K. Y. Kim, “Surface Coun-
terterms and Regularized Holographic Complexity,”
JHEP 1709, 042 (2017) doi:10.1007/JHEP09(2017)042
[arXiv:1701.03706 [hep-th]].
[28] M. Alishahiha, A. Faraji Astaneh, A. Naseh
and M. H. Vahidinia, “On complexity for F(R)
and critical gravity,” JHEP 1705, 009 (2017)
doi:10.1007/JHEP05(2017)009 [arXiv:1702.06796 [hep-
th]].
[29] R. G. Cai, M. Sasaki and S. J. Wang, “Action
growth of charged black holes with a single hori-
zon,” Phys. Rev. D 95, no. 12, 124002 (2017)
doi:10.1103/PhysRevD.95.124002 [arXiv:1702.06766 [gr-
qc]].
[30] E. Bakhshaei, A. Mollabashi and A. Shirzad, “Holo-
graphic Subregion Complexity for Singular Sur-
faces,” Eur. Phys. J. C 77, no. 10, 665 (2017)
doi:10.1140/epjc/s10052-017-5247-1 [arXiv:1703.03469
[hep-th]].
[31] D. Momeni, M. Faizal, S. Bahamonde and R. Myrza-
kulov, “Holographic complexity for time-dependent
backgrounds,” Phys. Lett. B 762, 276 (2016)
7doi:10.1016/j.physletb.2016.09.036 [arXiv:1610.01542
[hep-th]].
[32] F. J. G. Abad, M. Kulaxizi and A. Parnachev, “On Com-
plexity of Holographic Flavors,” arXiv:1705.08424 [hep-
th].
[33] A. Reynolds and S. F. Ross, “Complexity in de Sit-
ter Space,” Class. Quant. Grav. 34, no. 17, 175013
(2017) doi:10.1088/1361-6382/aa8122 [arXiv:1706.03788
[hep-th]].
[34] J. Tao, P. Wang and H. Yang, “Testing Holographic Con-
jectures of Complexity with Born-Infeld Black Holes,”
arXiv:1703.06297 [hep-th].
[35] W. D. Guo, S. W.Wei, Y. Y. Li and Y. X. Liu, “Complex-
ity growth rates for AdS black holes in massive gravity
and f(R) gravity,” arXiv:1703.10468 [gr-qc].
[36] M. Alishahiha and A. Faraji Astaneh, “Holographic
Fidelity Susceptibility,” Phys. Rev. D 96, no. 8,
086004 (2017) doi:10.1103/PhysRevD.96.086004
[arXiv:1705.01834 [hep-th]].
[37] K. Nagasaki, “Complexity of AdS5 black holes with a
rotating string,” arXiv:1707.08376 [hep-th].
[38] Y. G. Miao and L. Zhao, “Complexity/Action duality of
the shock wave geometry in a massive gravity theory,”
arXiv:1708.01779 [hep-th].
[39] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers and
S. Sugishita, “On the Time Dependence of Holographic
Complexity,” arXiv:1709.10184 [hep-th].
[40] M. M. Qaemmaqami, “On Complexity Growth in Mini-
mal Massive 3D Gravity,” arXiv:1709.05894 [hep-th].
[41] M. Ghodrati, “On complexity growth in massive
gravity theories, the effects of chirality and more,”
arXiv:1708.07981 [hep-th].
[42] X. H. Ge and B. Wang, “Quantum computational com-
plexity, Einstein’s equations and accelerated expansion
of the Universe,” arXiv:1708.06811 [hep-th].
[43] L. Sebastiani, L. Vanzo and S. Zerbini, “Action growth
for black holes in modified gravity,” arXiv:1710.05686
[hep-th].
[44] K. Y. Kim, C. Niu, R. Q. Yang and C. Y. Zhang,
“Comparison of holographic and field theoretic com-
plexities by time dependent thermofield double states,”
arXiv:1710.00600 [hep-th].
[45] W. Cottrell and M. Montero, “Complexity is Simple,”
arXiv:1710.01175 [hep-th].
[46] M. Moosa, “Evolution of Complexity Following a Global
Quench,” arXiv:1711.02668 [hep-th].
[47] S. H. Shenker and D. Stanford, “Black holes
and the butterfly effect,” JHEP 1403, 067 (2014)
doi:10.1007/JHEP03(2014)067 [arXiv:1306.0622 [hep-
th]].
[48] S. H. Shenker and D. Stanford, “Multiple Shocks,”
JHEP 1412, 046 (2014) doi:10.1007/JHEP12(2014)046
[arXiv:1312.3296 [hep-th]].
[49] D. A. Roberts, D. Stanford and L. Susskind,
“Localized shocks,” JHEP 1503, 051 (2015)
doi:10.1007/JHEP03(2015)051 [arXiv:1409.8180 [hep-
th]].
[50] S. Leichenauer, “Disrupting Entanglement of Black
Holes,” Phys. Rev. D 90, no. 4, 046009 (2014)
doi:10.1103/PhysRevD.90.046009 [arXiv:1405.7365 [hep-
th]].
[51] M. Alishahiha, A. Davody, A. Naseh and S. F. Taghavi,
“On Butterfly effect in Higher Derivative Gravities,”
JHEP 1611, 032 (2016) doi:10.1007/JHEP11(2016)032
[arXiv:1610.02890 [hep-th]].
[52] M. M. Qaemmaqami, “Criticality in Third Order Love-
lock Gravity and Butterfly effect,” arXiv:1705.05235
[hep-th].
[53] M. M. Qaemmaqami, ”Butterfly Effect in 3D
Gravity,” Phys. Rev. D 96, 106012 (2017)
doi:10.1103/PhysRevD.96.106012 [arXiv:1707.00509
[hep-th]].
[54] M. Blake, “Universal Charge Diffusion and
the Butterfly Effect in Holographic Theories,”
Phys. Rev. Lett. 117, no. 9, 091601 (2016)
doi:10.1103/PhysRevLett.117.091601 [arXiv:1603.08510
[hep-th]].
[55] M. Blake, “Universal Diffusion in Incoherent Black
Holes,” Phys. Rev. D 94, no. 8, 086014 (2016)
doi:10.1103/PhysRevD.94.086014 [arXiv:1604.01754
[hep-th]].
[56] Y. Ling, P. Liu and J. P. Wu, “Holographic Butterfly Ef-
fect at Quantum Critical Points,” arXiv:1610.02669 [hep-
th].
[57] Y. Ling, P. Liu and J. P. Wu, “Note on the butterfly ef-
fect in holographic superconductor models,” Phys. Lett.
B 768, 288 (2017) doi:10.1016/j.physletb.2017.03.010
[arXiv:1610.07146 [hep-th]].
[58] X. H. Feng and H. Lu, “Butterfly Velocity Bound and
Reverse Isoperimetric Inequality,” Phys. Rev. D 95,
no. 6, 066001 (2017) doi:10.1103/PhysRevD.95.066001
[arXiv:1701.05204 [hep-th]].
[59] K. Y. Kim and C. Niu, “Diffusion and Butterfly Ve-
locity at Finite Density,” JHEP 1706, 030 (2017)
doi:10.1007/JHEP06(2017)030 [arXiv:1704.00947 [hep-
th]].
[60] R. G. Cai, X. X. Zeng and H. Q. Zhang, “Influence of
inhomogeneities on holographic mutual information and
butterfly effect,” arXiv:1704.03989 [hep-th].
[61] M. Baggioli, B. Goutraux, E. Kiritsis and W. J. Li,
“Higher derivative corrections to incoherent metallic
transport in holography,” JHEP 1703, 170 (2017)
doi:10.1007/JHEP03(2017)170 [arXiv:1612.05500 [hep-
th]].
[62] M. Baggioli and W. J. Li, “Diffusivities bounds and chaos
in holographic Horndeski theories,” arXiv:1705.01766
[hep-th].
[63] A. A. Patel, D. Chowdhury, S. Sachdev and B. Swingle,
“Quantum butterfly effect in weakly interacting diffusive
metals,” arXiv:1703.07353 [cond-mat.str-el].
[64] M. Blake, R. A. Davison and S. Sachdev, “Thermal
diffusivity and chaos in metals without quasiparticles,”
arXiv:1705.07896 [hep-th].
[65] X. L. Qi and Z. Yang, “Butterfly velocity and bulk causal
structure,” arXiv:1705.01728 [hep-th].
[66] Y. Ling and Z. Y. Xian, “Holographic Butterfly
Effect and Diffusion in Quantum Critical Region,”
arXiv:1707.02843 [hep-th].
[67] D. Ahn, Y. Ahn, H. S. Jeong, K. Y. Kim, W. J. Li
and C. Niu, “Thermal diffusivity and butterfly velocity
in anisotropic Q-Lattice models,” arXiv:1708.08822 [hep-
th].
[68] V. Jahnke, “Delocalizing Entanglement of Anisotropic
Black Branes,” arXiv:1708.07243 [hep-th].
[69] D. Giataganas, U. Grsoy and J. F. Pedraza, “Strongly-
coupled anisotropic gauge theories and holography,”
arXiv:1708.05691 [hep-th].
8[70] A. Mokhtari, S. A. Hosseini Mansoori and K. Bitaghsir
Fadafan, “Diffusivities bounds in the presence of Weyl
corrections,” arXiv:1710.03738 [hep-th].
[71] W. H. Huang, “Holographic Butterfly Velocities in Brane
Geometry and Einstein-Gauss-Bonnet Gravity with Mat-
ters,” arXiv:1710.05765 [hep-th].
[72] W. J. Li, P. Liu and J. P. Wu, “Weyl corrections to diffu-
sion and chaos in holography,” arXiv:1710.07896 [hep-th].
[73] S. Deser, R. Jackiw and S. Templeton, “Topologi-
cally Massive Gauge Theories,” Annals Phys. 140, 372
(1982) [Annals Phys. 281, 409 (2000)] Erratum: [An-
nals Phys. 185, 406 (1988)]. doi:10.1006/aphy.2000.6013,
10.1016/0003-4916(82)90164-6
[74] W. Li, W. Song and A. Strominger, “Chiral Grav-
ity in Three Dimensions,” JHEP 0804, 082 (2008)
doi:10.1088/1126-6708/2008/04/082 [arXiv:0801.4566
[hep-th]].
[75] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Mas-
sive Gravity in Three Dimensions,” Phys. Rev. Lett.
102, 201301 (2009) doi:10.1103/PhysRevLett.102.201301
[arXiv:0901.1766 [hep-th]].
[76] E. Bergshoeff, O. Hohm, W. Merbis, A. J. Routh
and P. K. Townsend, “Minimal Massive 3D Gravity,”
Class. Quant. Grav. 31, 145008 (2014) doi:10.1088/0264-
9381/31/14/145008 [arXiv:1404.2867 [hep-th]].
[77] G. Clement, “Warped AdS(3) black holes in new mas-
sive gravity,” Class. Quant. Grav. 26, 105015 (2009)
doi:10.1088/0264-9381/26/10/105015 [arXiv:0902.4634
[hep-th]].
[78] M. R. Setare and H. Adami, “Entropy formula of
black holes in minimal massive gravity and its ap-
plication for BTZ black holes,” Phys. Rev. D 91,
no. 10, 104039 (2015) doi:10.1103/PhysRevD.91.104039
[arXiv:1501.00920 [hep-th]].
[79] P. Kovtun, D. T. Son and A. O. Starinets, “Viscos-
ity in strongly interacting quantum field theories from
black hole physics,” Phys. Rev. Lett. 94, 111601 (2005)
doi:10.1103/PhysRevLett.94.111601 [hep-th/0405231].
[80] S. A. Hartnoll, “Theory of universal incoherent
metallic transport,” Nature Phys. 11, 54 (2015)
doi:10.1038/nphys3174 [arXiv:1405.3651 [cond-mat.str-
el]].
[81] P. Kovtun and A. Ritz, “Universal conductivity and
central charges,” Phys. Rev. D 78, 066009 (2008)
doi:10.1103/PhysRevD.78.066009 [arXiv:0806.0110 [hep-
th]].
